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Q I Abstract 

. A characterization of vertex operator algebra for any rank one positive def- 

inite even lattice L is given in terms of dimensions of homogeneous subspaces of 
' small weights. This result reduces the classification of rational vertex operator al- 

gebras of central charge 1 to the characterization of three vertex operator algebras 
(-H I in the E'-series of central charge one. 

+^ ■ 2000MSC:17B69 

1 Introduction 

> 

I It is a well known conjecture in the theory of vertex operator algebra that any rational 

vertex operator algebras with central charge c = 1 is isomorphic to Vl, or or 
where L is a rank one positive definite even lattice, {a, a) = 2 and G = A4, S4, is a 
^ . subgroup of SO (3) in the ii^-series (cf. [K]). The characterization of Vl for any positive 
definite even lattice was established in |DM] in terms the rank of Vi, central charge and 
effective central charge. A characterization of V"^ for = 4 in terms of dimV2 is 

given m [ZD] . jPJT] . Characterization for all V^^^ with (/9,/3)/2 not being a perfect square 
in terms of dimensions of Vi for z < 4 is obtained in |DJ2] . In this paper we characterize 
Vii3 with {(3,/3)/2 being a perfect square by dimensions of Vi for i < 4. It remains the 
, characterization of for G = ^4, 5*4 and for completing the classification of rational 
vertex operator algebras with c = 1. 

There are two major differences between and V^. The first one is that V"^ is the 
fixed points of rational vertex operator algebra V^/? under an order two automorphism and 
is the fixed points of rational vertex operator algebra Via under a nonabelian group. 
The rationality and classification of irreducible modules of have not been achieved 
although the automorphism groups of are known |DG] . |DGR] . But this difference 
is not our concern in this paper. The second difference comes from the dimensions of 
weight 4 subspaces: dim(V^)4 > 3 and dim(V^)4 = 2. This difference inspires us to 
characterize in terms of dimensions of for i < 4 in |DJ2] and this paper. So one 
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natural assumption for the vertex operator algebra V with c = 1 discussed in this paper 
is dimV4 > 3. 

Although the rank of L = Z/3 is one, the vertex operator algebra is still a hard 
object to study. As the weight one subspace is zero and weight two subspace is spanned by 
the Virasoro vector, one can hardly use any results from the Lie algebra or Griess algebra 
to obtain useful information. On the other hand, the structure and representation theory 
of vertex operator algebras and its subalgebra M(l)+ have been studied extensively 
in [M], [XD], |XDL] . jPNl] . jDN2] and jDN3] . As in jDJ2] we use results from 

these papers to find a vertex operator subalgebra of V isomorphic to M{1)~^. But the 
situation is much more complicated as (/3,/3)/2 is a perfect square. We need different 
ideas and methods. It is well known that M{1)~^ in the rank one case is generated by the 
Virasoro vector u and a highest weight vector J of weight 4. The main property of J is 
the following: J3 J = x + aJ for some x G L{1, 0) which is the vertex operator subalgebra 
generated by u and some nonzero a G C. It turns out that searching for such J in an 
abstract vertex operator algebra satisfying certain assumptions is a very difficult task and 
involves delicate use of the fusion rules for the vertex operator algebra L(l, 0) [M], |DJ1] . 

We should point out that in the characterization of the lattice vertex operator algebras 
Vl for a positive definite even lattice L we need to use extra assumptions on the C2- 
cofiniteness and the effective central charge (see |DLM1] for the reason). But we do not 
need the C2-cofiniteness and the effective cental charge being one in the characterization 
of with /3)/2 > 2 not being a perfect square |DJ2] . The situation for f3)/2 being 
a perfect square is totally different. Although the effective central charge never plays any 
role in this paper, the C2-cofiniteness does. During the search for vector J in we cannot 
avoid to use the modular invariance result from [Zj where the C2-cofiniteness is assumed. 
This is not surprising as defining effective central charges requires the C2-cofiniteness 
|DMj and the conjecture on rational vertex operator algebras with central charge 1 is not 
true without assuming the effective central charge is also one (see |ZD] ). 

We refer the readers to ^APj and |X] for the related work. 

This paper is organized as follows. We review the fusion rules for the vertex operator 
algebra L(l, 0) from [M] and jDJlj in Section 2. We also present some results concerning 
Zhu algebra [ZJ and calculations on J in M{1)~^. In Sections 3 and 4 we search for a highest 
weight vector J' of weight 4 in an abstract vertex operator V such that J^J' = x + a J' for 
some X G L(l, 0) and a nonzero a G C. If the space A4 of highest weight vectors of weight 
4 is one dimensional, it is trivial to find such J'. If dimyl4 > 2 this is highly nontrivial. It 
is proved first that such J' exists if dimy44 = 2. Then it is shown that if dimyl4 > 2 then 
dimy44 = 2. The fusion rules of L(1,0) is used heavily here. The modular invariance of 
trace functions also plays a role in this part. Section 5 is devoted to the proof that the 
vertex operator subalgebra UofV generated by u and J' is isomorphic to M{1)~^. Section 
6 gives the main theorem: V is isomorphic to such that (/3,/3) = 2fc^ for some k > 1. 
A major step in this section is to show that ^ is a completely reducible M(l)"'"-module 
with the help of fusion rules for M(l)+ and L(l, 0). 
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2 Preliminaries 



In this section we recall the fusion rules for the Virasoro vertex operator algebra 0) 
from [M] and [DJ1\ and for the vertex operator algebra M{1)~^ of central charge 1 from 
[Al] . We also discuss various results on the generator J of M(l)+ following |DN1] . 

Let L{c, h) be the highest weight irreducible module for the Virasoro algebra with 
central charge c and highest weight h. Then L(c, 0) is a vertex operator algebra and each 
L{c,h) is an irreducible module for L(c, 0). In this paper we are mainly concerned with 
L(1,0) and its irreducible modules. First, we have from [M] and |DJlj (also see |RTj ): 

Theorem 2.1. We have 

dim Ji(i,o) ( ^2^) 1 = 1, keZ+, \n - m\ < k < n + m, (2.1) 

dim/i(i^o) ( j^^^ m2)'L(l n"^) ) ^ ^ ^ ^ ^ \n — m\ or k > n + m, (2.2) 
where n,m E Z^. For n G Z+ such that n ^ for all p G Z+, we have 

d'-^'(")(L(l.fi')L(l, „))=!■ P.3) 

'^™^'M(L(l,m2^)L(l,n))=°' 

for G Z+ such that k ^ n. 



(2.4) 



Recall the Heisenberg vertex operator algebra M(l) constructed from a ci- dimensional 
vector space and its subalgebra M(l)+ from [FLM] . Based on the classification of irre- 
ducible modules for M{1)~^ |DN1] . |DN3] . the fusion rules for M{1)~^ have been obtained 
in [Al] and [ADLj . Here is the result when d = 1. 

Theorem 2.2. Let M ,N and T he irreducible M{iy -modules. If M = M(l, A) such that 
A 7^ 0, then 

dimJM(i)+ (;Jiv) "° ^ 

and 

dimJM(i)+ (^Jj^ 
if and only if {N, T) is one of the following pairs: 

(M(l)±,M(l,/x))(A2 = /x2), (M(l,/x),M(l,z/)), {v' = {\±^^f), 

(M(l)(^)^ M{im% (M(l)(^)^ M{i){er). 
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For the purpose of later discussion we need to study M(l)+ more. From now on we 
assume d = 1. Recall from [DNl] that 

J = h{-iyi - 2h{-3)h{-l)l + ^h{-2)H e M(l)+ 

is a primary vector of weight 4 in M(l)"'". Then M(l)"'" is generated by to and J. Let M^^^ 
be the L(l, 0)-submodule of M(l)+ generated by J. Then J7J = 541. Moreover, as a 
module for L(l, 0), 

^(1)^ = 0^(1' (2^)') 

n>0 

where L(1,0) = M^^\ Following [Z] we set 

u*v = Resz ( Y{u, z)v 

for homogeneous u,v &W where W is any vertex operator algebra. Then 



i=o 

where G L(1,0) and G M^^). 
Lemma 2.3. VFe /iawe 

G + 0(L(1, 0)), G gM J + (L(-l) + L(0))M(^) 

, , ,1816 o 212 2 89 27, 
Mx)=x(^x - —X +^5^-7^), 

314 2 89 27 

qix) = X H X 

^ 35 14 70 

and the product is *. 

Proof: By jPNl] . we have in M(l) + 

y(o) + y(o) ^ p(^) ^ J niodO(M(l)+). 

Since J * J G Eto ^(1)*^ 

we see that 

G + 0(L(1, 0)), G giM J + (L(-l) + L(0))M(^) 

where pi{x) is a polynomial with degree < 4 and (3'i(a:) is a polynomial with degree < 2. 
Note that 0(L(1, 0)), (L(-1) + L(0))M(^) C 0(M(1)+). As in pNlJ we apply the identity 
J * J = u^'^^ + t>*^°^ to the irreducible A(M(l)"'")-modules to conclude that pi{x) = p{x) 
and q{x) = qi{x), as desired. □ 
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Lemma 2.4. p{x) has no non-zero integer roots. 
Proof: It is easy to check that 



1 515 + V167161 515- V167161 

Xi =0, Xo = -, X3 = , X4 = 

'4' 1816 ' 1816 

are all the roots of p{x). □ 
The following lemma will be used later. 

Lemma 2.5. In M{1)^ , we have 

JgJ = -72L(-4)1 + 336L(-2)2l + AJ, 
J2J = + \^Li-l)J, 

JiJ = n' + A(|l(-2) J + ^^(-1) V), 

14 14 1 

Jo J = u^ + A(— L(-3) J + — L(-2)L(-1) J L(-lfj), 

^75 ^ ^ 75 ^ ^ ^ ^ 300 ^ ^ ^' 

for some u' G L(l, 0), i = 1, 2, 3, ^ A G C. 

Proof: We first deal with J3J. Note that JiJ e L(1,0) © M^^) for i > 0. Then there 
exist Ai, A2, A G C such that J3J = AiL(— 4)1 + A2-^v(— 2)^1 + AJ. Using the commutator 
formula 

[L{m), Jn] = [3(m + 1) - n]Jm+m 
for m,n ^ 7j one can check that 

(L(-4)l, J3J) = {l,mj,J) = 12 X 54, 
{L{-2)H,JsJ) = (1,L(2)V3J) = 24 X 54. 

On the other hand, 

(L(-4)l, J3J) = (L(-4)l, AiL(-4)l + A2L(-2)2l) = 5Ai + 3A2, 

(L(-2)2l, J3J) = (L(-2)2l, AiL(-4)l + A2L(-2)2l) = 3Ai + ^A2. 

This implies that Ai = —72 and A2 = 336. It follows from the proof of Theorem 4.9 of 
|DJ2j that A 7^ 0. One can also verify J3 J directly with a long computation. 
We now prove other relations. We may assume that 

J2J = + fioL{-l)J, 

JiJ = u^ + /iiL(-2) J + /i2L(-l) V, 

Jo J = u^ + /i3iv(-3) J + /i4i^(-2)L(-l) J + fi^L{-lfj 
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where u' e L(l, 0), i = 1, 2, 3, //^ e C,i = 0, 1, • • • , 5. Then 

( J2 J, L(-l) J) = (L(l) J2 J, J) = 4A( J, J), 

( Ji J, L(-2) J) = (L(2) Ji J, J) = 8A( J, J), 
( Ji J, L(-l)V) = {L{iyjiJ, J) = 20A( J, J). 

We also have 

(L(-l) J, L(-l) J) = (L(l)L(-l) J, J) = 8( J, J), 

(L(-2)J,L(-2)J) = (L(2)L(-2)J, J) = -(J, J), 

(L(-2) J, L(-l) V) = (L(l)^L(-2) J, J) = 24( J, J), 
(L(-1)V,L(-1)V) = (L(1)2L(-1)V, J) = 144(J, J). 
These relations yield the following linear equations 



and 



with solutions 



Similarly, 



33/ii + 48/X2 = 16A 
24//1 + 144//2 = 20A 



28, 23 , 

= 75^' = 300^- 



(JoJ,L(-3)J) = (L(3)JoJ, J) = 12A(J, J), 
(Jo J, L(-2)L(-1) J) = (L(1)L(2) Jo J, J) = 36A( J, J), 
(JoJL(-l)V) = (L(l)-l/oJ J) = 120A(J J), 
(L(-3) J, L(-3) J) = 26( J, J), (L(-3) J, L(-2)L(-1) J) = 40( J, J), 
(L(-3) J, L{-lfj) = 96(J, J), (L(-2)L(-1) J, L(-2)L(-1) J) = 164( J, J), 
(L(-2)L(-1) J, L(-lfj) = 624( J, J), (L(-l)V, L{-lfj) = 4320( J, J). 
Then we get the following hnear system 

26/i3 + 40/i4 + 96/i5 = 12A 
40/i3 + 164^4 + 624^5 = 36A 
96/i3 + 624/X4 + 4320/X5 = 120A 

with solutions 

/.a = /.4 = ^A, = -^A. 
The lemma follows. □ 
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3 Search for vector J: I 

In the following discussion throughout the paper, we always assume that is a simple 
rational and C2-cofinite vertex operator algebra of central charge 1 satisfying the following 
conditions: 

(1) is a sum of highest weight modules of L(l, 0). 

(2) V = ®^=oVn, Vo = CI, Vi = 0, dim = dimV^s = 1, dimV4 > 3. 

(3) The weights of all the primary vectors in V are perfect squares. 

Remark 3.1. As we mentioned in the introduction already, we have dealt with the case 
that there exists at least one primary vector in V whose weight is not a perfect square in 

m. 

In this section and the next we look for a primary vector J' of weight 4 in such that 
J' satisfies all relations given in Lemma 1231 for J. This will help us to show that the vertex 
operator subalgebra U generated by u and J' is isomorphic to M(l)^ with identifying J 
with J' . It turns out that finding such J' is highly nontrivial and an explicit construction 
of intertwining operators for L(1,0) involving modules L(l,4) and L(1,0) plays crucial 
role in the proof. 

Let and be two subsets of V . Set 

■ X"^ = span{xny\x e X^,y e X^, n e Z}. 
We have the following lemmas from |DJ2j (see also |DJlj ). 

Lemma 3.2. V is a completely reducible module for the Virasoro algebra L(1,0). 

Lemma 3.3. Let u^,u'^ & V be two primary vectors. Let and f/^ be two L(1,0)- 
submodules of V generated by and respectively. Then 

■ U"^ = span{L(—mi) ■ ■ ■ L{—ms)ul^u'^\mi, ■ ■ ■ , G Z+, n E Z}. 

For m > 1, set 

= {v E Vm2\L{n)v = 0,n> 1}. 

Elements in are called primary vectors. Since Vi = 0, it follows that m > 2. It is 
obvious that V carries a non-degenerate symmetric bilinear form (-, ■) such that (1,1) = 1 
( [FHLj . [L]). By the assumption (2), dimV2 = dimVs = 1 and ^4 7^ 0. Let J' be a non- 
zero primary vector of weight 4. We may assume that 

(J', J') = 54. (3.1) 

By Theorem 12.11 and Lemma 12.51 there exists a primary vector u of weight 4 such that 

J^J' = -72L(-4)1 + 336L(-2)2l + 27m. 

It is possible that 

u = —J' J' + -L(-4)l - —L{-2)H 
27 ^ 3 V ; 9 ^ ^ 

is zero. 

Here is the main result in this section. 
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Proposition 3.4. The u is a nonzero primary vector of weight 4- In particular, J^J' 
does not lie in L(1,0). 

It is not easy to prove this result. We need several lemmas. Let V^'^^ be tlie L(1,0)- 
submodule of V generated by J'. Tlien V^"^^ is isomorphic to L(l,4). 

Lemma 3.5. Let U he the vertex operator subalgebra of V generated by u and J' . If 
u G CJ', then U is linearly spanned by 

L(-mi) ■ ■ ■L{-ms)J'_n, ■ ■ ■ J'-nA 
where mi > m2 > ■ ■ ■ > mg > 2, ni > n2 > ■ ■ ■ > fit > 1, s,t > 0. 

Proof: First note that the subspace of U linearly spanned by J^^ ■ ■ ■ J^^l with rij e Z is 
invariant under the action of L{m),m > — 1. Secondly, we have 



[JL Jn]=Y.('^) {J[J')^+n-.. (3.2) 



Since wt( J') = 4, we have wt( J') = 7 - i < 7, for i > 0. 

As M e CJ', J3J G L(1,0) + M(^). It follows from Theorem O and Lemma [SJ] that 
J[J' G L(l, 0) © V"(^) for i > 0. The lemma is clear. □ 

Lemma 3.6. Let U be the vertex operator subalgebra of V generated by u and J' . If 
u G CJ', then the Zhu algebra A{U) is linearly spanned by 

{K*[j'r, s,t>o}. 

Proof: The proof of Theorem 3.5 in |DN1] for the spanning set of A(M((1)+) works 
here. □ 

Lemma 3.7. Ifu = 0, then 

J'*J'= p{uj) + 0(L(1, 0)) = p{uj) + 0{V). 

Proof: By Theorem 12.11 and Lemma [3.51 we see that J' * J' E L(1,0). Since J7J = 541 
and J7J' = 541, it follows from Theorem 12. II again that if -u = then 



i=o 

where u^^^ is the same as in Section 2. Then the lemma follows from Lemma [2.31 □ 

Lemma 3.8. Let U be the vertex operator subalgebra of V generated by u and J' . If 
u = Q, then U = V. 
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Proof: By Lemma [3.61 A{U) is commutative. Suppose that U ^ V. Let m G be the 
smallest positive integer such that ^ U. Then m > 2. Note that V^/[/ is a [/-module 
with the minimal weie; ht m^. Let ^ m^™) G A^^, u^""^ i U. Then u^""^ + U generates 
a f/-submodule of V/U and let W be the irreducible quotient. We denote the image of 
+ Uhy v^"'^ Then W has lowest weight and 

J'iV^""^ = (3.3) 

for i > 4. By Lemmas O and O we know that JgJgW^"") = p(L(0))f 7^ 0. As a result, 

^ 0. (3.4) 

Since is completely reducible as an L(l, 0)-module, v^"^'^ generates an irreducible 
highest weight L(l, 0)-submodule W^"^ ^ of W isomorphic to L(l, m^) with highest weight 
vector v^^\ By the skew symmetry, we have 

i=l 

Then by Theorem 12. Lemma [3. 5[ (13. 3p and the assumption that m = 0, we see that 

y(4) . ^ i^i^ 0) © 04^(1, 16). (3.5) 

. ^ © bm+iL{l, (m + 1)2) © 6„+2^(l, {m + 2)^), (3.6) 

where a^, bm+i, &m+2 ^ ^ are nonnegative. 

Let V be the projection from ■ W^""'^ to PF^'""), then X( u, z)v = V ■ Y{u, z)v for 
u G V^^\ V G ly^*" ) is an intertwining operator of type 

L(l,m2) 
V^(4) L(l,m2) 

Let {y^,Y{-,z)) be the rank one rational vertex operator algebra with L = "Lfi such 
that (/3,/3) = 2m^. Set 



Then 



J = h{~l)^l - 2/i(-3)/i(-l)l + -h{-2)^l G A/(l)+ C 



2 



where h = -^P- Let M*^™^) be the irreducible L(l, 0)-modules in generated by E''"^\ 



From the construction of V^^ we know 



iVfW . M^"^') ^ M("') © L(l, (m + 1)2) © L(l, (m + 2)^), (3.7) 
. m(^) ^ L(l, 0) © M(^) © L(l, 16). (3.8) 
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Let Q be the projection from M^^) ■ M^""') to M^™'). Then T{u,z)v = Q ■ Y{u,z)v for 
u G M^^\ V G M*^™ ^ is an intertwining operator of type 

Let cr be the 0)-module isomorphism from M^^^ © M^""") to V'(^) © VT^""") such 
that 

(t(J) = /, a(E('")) = 
By Theorem EH for u G M(^),t; G M^™'), 

I((T'U, z)((Jf ) = ccr(X(M, 2;)t>), 

for some c G C. By ([331), c ^ 0. Note that 



i—n \ / 



(m) 



i=0 ^ ^ 

By (13.61) . for i > 0, we have 
On the other hand, we have 

By (I32D, for i > 0, 
Thus we have 

(J^J')-i^^"^ = cV((J7^)-i^^'"^)- 

Note that 

(J^JO-it;^"^ = 54t;(™) = a{{JrJ)^iE'-"'^). 

We deduce that = 1. Then we may assume that c = 1. Ifc = —1, replace J' by — J'. 
Since 

it follows that 

(4J')3^;M = a((J3J)3i5('")). (3.9) 
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Recall from Lemma 12.51 that 

J3 J = X + A J 

for some x E 0) and nonzero A G C. Suppose that 

7/7/ 1,1 

where x' e 0),y' e V'^'^\ Then by the fact that (J, J) = (J', J'), we have 

x' = a{x). 

Then by (El]), for any w; G M^"^'), 

?/3(^(^)) = ^(2/3^)- 

A straightforward computation shows that JsE^™'^ 7^ 0. This implies that 7^ 0, a 
contradiction with (13.51) . This proves that U = V. □ 

We are now in a position to prove Proposition 13.41 
Proof: Suppose that u = 0, then ?7 = by Lemma [3^8] and 

V^"^ ■V^'^^L{l,0)®aiL{l,16), 

where 04 G N. If 04 = 0, then 

?7 = L(1,0)©F(^). 

Let W he a module for the Virasoro algebra with central charge c such that W = 
©nec where Wn is the eigenspace for L(0) with eigenvalue n and is finite-dimensional. 
We define the g-graded dimension of W as 

dim^ W = ^(dim 

nGC 

Denote by L(c, h) the unique irreducible highest weight module for the Virasoro algebra 
with central charge c G C and highest weight /i G C. Then 

dim L(l,h) = l ^(^"'^'-^^"'''^'^')' ■^ih=\n^neZ 

' I 'tM^'^' otherwise. 

(cf. [KR]) where 

00 

n=l 

Then 

Zy(r) = c^L(l, 0) + c^L(l, 4) = ^ ' 1 + ' 

7]{q) 

where q = e'^^^'^ and r is a complex variable in the upper half plane. We sometimes abuse 
the notation and also denote r]{q) by rj^r). Since V is rational and C2-cofinite we use the 
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modular invariance result given in [Z] to assert that Zv{-^) should have a g-expansion. 
It is well known that r](^) = {—iT)^rj{T). Thus 

-1 1 - + e-"^^'^ - 

— ) — 1 

(— ■ir)2r^(r) 

which clearly does not have a g-expansion. This gives a contradiction. 
So there exists a non-zero primary vector m*^^^ of weight 16 such that 

= aiJ'_gJ' + X, 

for some ^ ai e C, X e L{1,0) © \/(^). Then by Lemma [33] and (D, U is linearly 
spanned by 

L(-mi)---L(-m,)l, Li-p^)■■■Li-p,)JL^,^■■■J'_r,,JUJ', L{-p^) ■ ■ ■ L{-ps)J' (3.10) 

where mi > m2 > ■ ■ ■ > rris > 2, ni > n2 > ■ ■ ■ > fit > 9, pi > p2 > ■ ■ ■ > Ps ^ ^- By 
Theorem 12. II and (13. 2p . in (13.101) we may assume that > 17. 

It is easy to see from (I3.10p that there is no non-zero primary vector of weight 25. 
If there is no non-zero primary vector of weight 36, then by Theorem 12.11 J^Jig J' G 
L(l, 0) © © V'^^^'^ ioineZ where V^^^^ is the L(l, 0)-module generated by u'^^l This 
forces that 

V = L(1,0) ©\/(^) ©1/(^^\ 

The same proof as above gives a contradiction. So there exists a non-zero primary vector 
^(6) Qf weight 36 such that 

= 9 J' + 

for some ^ aa G C, X e L(l, 0) © V^^^ © l/^^^^. Continuing the process, we deduce that 
V is linearly spanned by 

L(-mi) • ■■L{-ms)l, L{-ni) ■ ■ ■L{-nt)J', L{-ni) ■ ■ ■ L{-nt)J'_gr_i ■ ■ ■ J'_gJ', 

where mi > m2 > ■ ■ ■ mg > 2, rii > n2 > ■ ■ ■ fit > 1, r > 1, s,t > and as a vector space 

00 

y-0L(l,(2r)2). (3.11) 

r=0 

Then 

Zy{T) =chV= = ^ + ^O.l(l'g) 

^ r/(g) 2r]{q) 2r/(g) 

where 

^^o,i(l,g) = $^(-i)V'- 

is the theta function. It is well known that ^^2r){q)' ^ modular function over a congruence 
subgroup of SL(2, Z) and is a modular form of weight — |. On the other hand, Zv{t) 
is a component of a vector- valued modular function (cf. [Z], [KM], |DM] ). This implies 
that is a component of vector-valued modular function over a congruence subgroup 
of SL{2, Z). This is obviously impossible. So V can not be the form of (13. lip . □ 
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4 Search for vector J: II 

In this section we prove that there exists a non-zero primary vector X of weight 4 such 
that (X, X) ^ and 

X3X = v + cX, 

for some v G L(1,0) and 7^ c G C. Recall that ^4 is the space of primary vectors 
in V4. If dimA4 = 1, then by Proposition 13.41 the J' given in Section 3 is the desired 
element. From now on we assume that dimA4 > 2. We will prove that the result is true 
if dim744 = 2 and then show that dimy44 must be 2. 

Assume that dim744 = 2. Clearly, there exists K & A4 such that 

{K,K) = 54, {J',K) = 0. (4.1) 

It follows from Lemma [2.51 that the projection of J3J to L(l, 0) is 

X° = -72L(-4)1 + 336L(-2)2l. (4.2) 

Then by the fusion rules of L(l, 0) (see Theorem 12.11 and (14. ip ) we have 

4 J' = X° + ai J' + biK, K^K = X° + aa J' + 

for some aj,6j G C with z = 1,2. If 61 = or 02 = 0, then by Lemma (3.41 either J' or 
K is the desired element X G A4. So in the following discussion we assume that 61 7^ 0, 
a2 ^ 0. 

From ( 14. ip and Theorem 12.11 we see that KiJ' = for all i > 3. Using the skew- 
symmetry yields J'^K = K^J' . Since 

{J'^K, J') = {K, 4J'), {4K, K) = (J', KsK) 

we see that 

J'^K = K^J' = hiJ' + a2K. (4.3) 
Lemma 4.1. //dimA4 = 2, there exists X G A4 sfic/i t/iat 

X3X = ciX° + C2X, (4.4) 
for some Ci, C2 G C, where X° defined as l[4-2^ - 
Proof: For fii,^2 ^ C, we have 

={^i\ + ^^\)X^ + (/i^ai + 2yUi/i2&i + ^i\a2)J' + (yUi^i + 2yUi/i2a2 + ^\h2)K. 

By the assumption that 61 7^ and 02 7^ 0, we may assume that 7^ 0. Then X = 
/xi J' + iJ,2K satisfies (14. 4p for some Ci, C2 G C if and only if /ii and ji2 satisfy 

/if ai + 2/ii/i26i + /i2«2 _ /^l^^l + 2/ii/i2a2 + /i2&2 
AH Ai2 
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That is, 

a^i^f + (26i - 62)(— + (ai - 2a2)^ - h = 0. (4.5) 
Ail /ii fJ'i 

It is clear that the above equation has solution G C. The lemma follows. □ 
In the following two lemmas we do not need to assume that A4 is 2-dimensional. 

Lemma 4.2. Let X & A4 be such that X^X = fiX^ + uX for some fi,^ E C If fi = 0, 
then u = 0. 

Proof: Suppose that /i = 0, then X3X = vX. By Theorem 12.11 and Lemma 12.51 one 
deduces that 

X2X = ]^vL{-l)X, (4.6) 

XiX = —vLi-2)X + —vLi-lfX, (4.7) 
75 ^ ^ 300 ^ ^ V ; 

XqX = — z/L(-3)X + — z/L(-2)L(-l)X - — z/L(-l)3X (4.8) 

Since /i = 0, it follows that (X, X) = 0. Thus XjX = for z > 4. In particular, 

(X4X)2X = 0. 

On the other hand by fl4.6p -( l48|) . we have 

(X4X)2X 

= Y.^-iy ( ^ ) {x^-iX2+i - X6_,x,)x 

= - 5X4X2X + 4X5X1X - XgXoX 

1 28 23 

= - h-uXM~l)X + 4X5(— z/L(-2)X + uLi-lfX) 

- X6(— z/L(-3)X + — z/L(-2)L(-l)X - —uLi-lfX). 
^^75 ^ ^ 75 ^ ^ ^ ^ 300 ^ ^ ^ 

Using the commutator formula 

[L(m), X„] = [3(m + 1) - n]X„,+„ 
for m, n G Z and the fact that XjX = for i > 4 we check that 

X4L(-1)X = 4X3X, X5L(-2)X = 8X3X, X5L(-1)2X = 2OX3X, 
X6L(-3)X = I2X3X, X6L(-2)L(-1)X = 36X3X, X6L(-1)^X = I2OX3X. 



Then we deduce that 
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(X4X)2X = -i^i^^X. 



This proves that u = 0. □ 
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Lemma 4.3. There are no non-zero elements X^jX"^ G A2 such that 

{X\X^) = 0, XlX^ = 0, X^X^ = (4.9) 
for some nonzero fi E C 

Proof: Suppose that there are non-zero elements X^,X^ G A4 such that (14 .Qp holds. 
Note that Y{X^, z)X^ ^ |DL] . Let iV' be the irreducible L(l, 0)-modules generated by 
X* for i = 1,2. By Theorem 12.11 Lemma [3.31 and the skew-symmetry, A^^ ■ A^^ = L{1, 16). 
In particular, 

XlgX^ ^ 0, XlX^ =0, i> -8. 
Since X|X^ g l^i = we see that 

ix!x')oX' = j2hiy^' ( ] ) xUx}x^ 

1=0 ^ ' 

j=0 i=0 s=0 ^ / \ / \ / 



=%x\r^x\x^ 

=0. 

This shows that X\^X\^X'^ = 0. Then we have 



{X^X').^X' 



i=0 

7 7-i 8 



i=0 j=0 s=0 ^ / \ / \ / 



1=0 

=0. 



is a nonzero intertwining operator of type ( „\ ' „x ) . In particular, X^X^ 



But by (14. 9 p we know that the projection of Y{u, z)v for u G X^ and v G X^ to L(l, 0) 

L(1,0) 
L(4,0) L(4,0) 

(X^,X^)1 is nonzero. This gives a contradiction and the proof is complete. □ 

Lemma 4.4. Assume that dimy44 = 2, then there exists X E A^^ such that (X, X) 7^ 
and 

X3X = ciX(o) + C2X, 

for some 7^ Ci, 7^ C2 G C. 
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Proof: By lemma Wl] there exists X = niJ' + /i2-ft' G such that /xi,/i2 satisfy (14. 5p 
and 

X3X = ciX(°) + C2X, 

for some Ci,C2 G C. Note that (14.50 has three solutions. If for one solution, ci 7^ 0, by 
Lemma [3.41 C2 7^ 0. Then the lemma holds. 

Suppose that for all the three solutions of (14.51) . ci = 0. Then C2 = by Lemma 1121 
Let u = —, then 

1 + z/^ = 1, ai + 26iz/ + a2iy'^ = 0, 61 + 2a2Z/ + 62^^^ = 0. 
If u = a/— 1, then 

ai + 2v^6i - 02 = 0, 61 + 2v^a2 - 62 = 0. 

\i V = —a/—!, then 

ai - 2v/^6i - a2 = 0, 61 - 2v^a2 - &2 = 0. 

So if (14. 5 p has different solutions, then 61 = 02 = 0, a contradiction with the assumption. 
This deduces that all the solutions of (14. 5 p are z/i = z/2 = z/3 = \/—\ or z^i = z/2 = 1^3 = 
— a/— 1. Without loss of generality, we assume that vi = ^2 = ^2, = v^— T. Using the 
relation between roots and coefficients of the equation (14. 5 p we see that —^/^-^ = ^. 
Consequently, 

bi = -a2\/^, ai = -a2, 62 = a2\/^. 



We deduce that 



K^K = X^ -ai{J' 



By Proposition 13. 4[ ai 7^ 0. We may assume that 
K' = J' - y/^K. Then we have from (jM]) that 



IK), 

= 1. Then X = J' 



-IK. Let 



(X,X) = 0, X3X = 0, {K',K') = 0, K'^K' = 4aiX, K'^X = 2X°. 

This contradicts Lemma [4.31 

We next establish that dimA4 > 2 implies dimy44 = 2. 

Lemma 4.5. //dimy44 > 2, then dimyl4 = 2. 

Proof: Let X^, ■ ■ ■ , X* be a basis of A4 such that 

{X\X^)=26,„ ^,j = l,2,---,s. 

Recall X^ from (14. 2p . Then from the discussion on J3J' we have 



□ 



(4.10) 



XlX^ = ^5,,X' + j2^',X' 



k=i 
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for some a^j E C, i,j,k = 1,2, - ■■ , s. The invariant property 

{XIX^X'') = {X^X\X'') = {X^XIX'') 

then gives 

<• = 4 = <k (4.11) 

for 2, j, A; = 1, 2, ■ ■ ■ , s. For 1 < A; < s we define matrix A'-'^^ = (af^)*^-^]^. 

Using the relation J4J = 216L(-3)1 and (KTOh we see that xfx^' = (5ij8L(-3)l for 
i,j G {1, 2, ■ ■ ■ , s}. This imphes for any k that 

(XiX^)2X^ = -645ijX^ (4.12) 

By Lemma [7. II 

{XIX^),X' = « - 2 E E S''^^-^' + ^ E E <k^'jrX' + a5,kX' + h5,,X^ 

r=l 1=1 r=l 1=1 

for some a, 6 G C where 

« =^a;.,L(-l)XlX^ + ai,(|L(-2) + ilL(-l)2)X^X^- 
- ^-^^L{-l)XiX^ + ^/-^al - 2a},)X(°). 

Applying L(l) to X^X* = SL.gl produces X^X^ = 16L_2l for i = 1, 2, • • • , s. Since 

(X^X^)2X'^ = -64%X'= G Ai and m G L(1, 0) we see that m = and 

s s . s s 

-2 E E + 7^ E E + ci6,kX' + b6,kX' = -645,,X^ 

r=l 1=1 r=l 1=1 

Comparing the coefficients of X' of both sides and varying i,j we have for all /, k that 

_ = _(a + _ 64/. (4.13) 

_ 2A«^(^) = -aEifc - - 645^/. (4.14) 

75 

I^AWA^'^) - 2A('=M« = -a^H - bEik - 6A5ikI, (4.15) 
75 

where / is the identity matrix and Epg = {eij)^^^^ such that e^j = Sip6jg. Then we deduce 
that for 1 < k,l < s, k ^ I, 

11^W^(0 = ^[(256 + 19a)Ezfe + (196 + 25a)£;«]. (4.16) 
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Now suppose that s > 3. For I < k < s, denote by r{A^''^) the rank of A^'''^. By (14.161) . 

r(A(^)) < s - 1. It follows from (l413l) that a + 6 = -64 and —A^^'^A^^'^ = 16(1 - Ekk). 

75 

Using = lL^A(i)(A(i)A(2)) gives 



75 



75 
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where di = 25b + 19a and d2 = 196 + 25a. Similarly, by the fact that 

(^(l)^(2))^(2) ^^(l)(^(2)^(2))^ 



(4.17) 



we have 



176 



all ajg 

(^21 '^23 



all '^i 



s3 



''Is 

^^25 



1 

16 







d2a^ 
dia'f 




s2 
2 







(4.18) 



By gUD, 4 = for i > 2,j > 2. Then by fl4TTD . a^. 



(I4.17P again asserts 



with i > 2,j > 2. Using 

rfaaji =0, J =3,4,--- ,s. (4.19) 

Assume ^2 7^ and di ^ 0. It follows from (14191) that aj^ = for j > 3. Using fHTTj) and 
(I4.18P also gives aj^ = ajg = 0. This implies that a^i = for all k and 
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(4.20) 



This contradicts Proposition 13.41 So (ii = or 6/2 = 0. If rfi = 256 + 19a = then 
= 196 + 25a 7^ as a + 6 = -64. We have a\ - = for j = 1 or j > 2. By (gllD, 
0. So we have f l4.20p again. Similarly if ^2 = then di 7^ 0, ah = for all j 



n2 



'-21 



and fl4.20p holds. The proof is complete. 



□ 



5 The subalgebra M(l)+ of V 

In this section, we prove that there is a vertex operator subalgebra UofV isomorphic to 
M{1)~^. By Lemmas 14.41 and 14.51 there exists J' G A4 such that 

4/ = X° + cJ' (5.1) 
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for some 7^ c G C. Let U be the subalgebra of V generated by u and J'. Recall that 
V^^^ is the irreducible 0)-submodule of V generated by J'. From the skew-symmetry 

Y{J\z)J' = e''^-^>Y{J\-z)J' 

we see that 

i=i 

This together with Theorem 12.11 deduces that 

yW . v^(4) c L(l, 0) © © L(l, 16). (5.2) 
The proof of the following lemma is similar to that of Proposition 13.41 
Lemma 5.1. The vertex operator subalgebra U is not equal to the whole algebra V. 

Recall Lemma [2^3] and J^J = X^'^^ + \ J from Lemma [231 The following is an analogue 
to Lemma [2.31 

Lemma 5.2. We have J' * J' = u^^^ + ^v^'^^' in U where 



u 



(0) 



e p{uj) + 0(L(1, 0)), G q{uj)J' + (L(-l) + L(O))0^) 



where p{x) and q{x) are defined in Lemma \2. 51 
Proof: First we define four projections: 

pi ■ M(l)+ ^ L(l, 0), p2 : M(l)+ ^ M(^\ p[:U ^ L(l, 0), p^'-U ^ V^^\ 

Then (-u, z)f and p2^('W, z)v for u,v G M*^^^ define two intertwining operators of types 
a.d (X.^,),.especavel, S.n,ariy, and rfy fo. 

M, f G I^^^-* define two intertwining operators of types ^ ^(4)'''j^(4^ ^ and ^ ^(4) 

respectively. Identify L(1,0) in both M(l)+ and U. Since J3J = X(°) + AJ and J3J' = 
X^'^^ + cJ', the result follows from Theorem 12.11 and Lemma [2.31 immediately. □ 
By Lemmas 15.11 and 14.51 there exists 2 < /c G Z+ such that Um = for m < fc^ 
and ^ Vfc2. Take F G ^ U. As in the proof of Lemma [3.81 V/U is a t/- module 
with the minimal weight k'^ and F*^^-* + [/ generates a ?7-sub module of V/U. Let 
be the irreducible quotient of W. We denote the image of F + ?7 in by a. Note that 
W has the lowest weight fc^ and a generates an irreducible L(l, 0)-submodule W^'^ ^ of 
W. By Lemma 13. 6[ A{U) is commutative. It follows that the lowest weight subspace is 
one-dimensional. Then 

Jga G Cf , J^a = 0, 

for n > 4. Since p(L(0))a 7^ (see Lemma [2.40 we immediately deduce from Lemma [5.21 
that J^a 7^ 0. 
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Let be the rational vertex operator algebra associated to the definite even lattice 
L = Za such that (a, a) = 2k'^. Set 



E = + e"" e V, 



L ' 



J = - 2/i(-3)/i(-l)l + ^h{-2Yl G V+, 

where h = We identify the Virasoro vertex operator subalgebra L(1,0) in V and 

V^. Let M^'^'^^ be the irreducible L(l, 0)-module in generated by E. Then there exists 
an 0)-module isomorphisms a from M^^^ to V^^^ and M^^ ^ to W^'^ -* such that a J = J' 
and cri? = a. 

Let P and P' be the projections of Vj^ to M*^'^ -* and W to VT*-'^ -* respectively. Then 
I{u,z)w = P ■ Y{u,z)w and I'{u\z)w' = P' ■ Y{u',z)w' for u G M^^\w G M^'^'), m' G 

1^(^),U7' G ly^''') are intertwining operators of types f j^{4) j^{k^) j and f ^(4)^(^2) j , 

respectively. Let Q and be the projections of to M^'*^ and V to V"*^^-*, respec- 
tively. Then X(u, z)w = Q ■ Y(u',z)w' and I'(u',z)w' for u,w E M^'^\ u',w' G V^^^-* are 

intertwining operators of type I ^^(4) j^^(4) j ( p^(4) y{4) j ' respectively. 

It follows from Theorem 12 . 1 1 that J'^a G VT^^^) and 

for n > 3 — 2A;. Using the proof of Lemma 4.5 and Lemma 4.7 in |DJ2] we have 
Lemma 5.3. 

I\a{u), z)a{w) = o-{I{u, z)w), X\a{u), z)a{v) = a{I'{u, z)v) 
for u,v E M^^\w G W^'^^^ In particular, let \ E C be such that 

J^J = X(°) + A J, 

then 

J'^J' = x(°) + \J'. 

Recall that J> G VF^'^') for n > 3 - 2k. That is, j; w is a linear combination of 
vectors of form L(— rii) ■ ■ ■ L{—nk)w with 3 — n = ~ni — 77,2 ■ ■ ■ — nk- Using the relation 

[L(m), J^] = (3(m + 1) — n)J!^_^_^ we see that ii n > 15 — 2k then 

i=0 ^ ^ 



A proof similar to that of Lemma 4.10 in [DJ2j gives that 



20 



Lemma 5.4. There exist a non-zero primary element u'^ of weight 16 in and a non- 
zero primary element of weight 16 inU such that the isomorphism a from L(1,0) 0M*^^) 
to L(1,0) ^V^^^ can be extended to an isomorphism a from 0) ^ M ^ M*^^^-* to 
L(l,O)0\/(^)0l^(^'') such thata{u^) = and for n e Z, u,v e L(1,O)0MW, 

{cru)n{(yv) = cr{unv), (5.3) 

where M^'^^^ is the irreducible L{l,0)-submodule of generated by and V"*-^^^ is the 
irreducible L(l, 0)-submodule of U generated by v^. In particular, for m,n E Z, 

[JLJn] = f2('^)HJ^J))m+n-,. (5.4) 
j=0 V J / 

We can now have a "nicer" spanning set for U. 
Lemma 5.5. U is linearly spanned by 

L{-ms) ■ ■ ■L{-mi)l, L{-ns) ■ ■■L{-ni)J', L{-ns) ■ ■ ■ L{-ni) J'_^^_^ ■ ■ ■ J'_ijJ'_gJ' 

where > ms_i > ■ ■ ■ mi > 2, > Ug^i > ■ ■ ■ ni > 1, t > 1, s > 0. 

Proof: By Lemma 13.51 and (15. ip U is linearly spanned by 

L{-ms) ■ ■■L{-mi)l, L{-ns) ■ ■■L{-ni)J\ L{-ns) ■ ■ ■ L{-ni)J'_p^ ■ ■ ■ JLp^J' 

where > nis-i > ■ ■ ■ > mi > 2, Ug > ris-i > ■ ■ ■ > ni > 1, pt > pt-i > • ■ ■ > Pi > 1, 
s,t > 0. 

It follows from (15. ip and Theorem 12.11 that 

L{-n,) ■ ■ ■ L{-m)J'_,,J' e L(l, 0) V^'^ 

for pi < 8. So we can assume that pi > 9. Using (15. 2p gives 

L{-n,) ■ ■ ■ L{-n,)JL,J G L{1, 0) V^'^ V^''^ 

for pi > 9. By Lemma El V"(^) ■ l/^^) = L(l, 0) V^^^ V"^^^) ^nd there is a non-zero 
primary vector f ^^^^ of weight 16 in V^^'^ ■ V"^^-* such that v^^^'^ = x + aJ'_Qj' for some 
X G L(l, 0) V^^^ and 7^ a G C. So we may assume that pi = 9. 

If there exists a non-zero primary vector u of weight 25 then u = + aJ'_Qj'_gJ' for 
some G L(l, 0) V^^^ V^^^^ and ^ a G C. Note that J'_eJ', JjJ' G L(l, 0) V^^'> 
for j > 0. So 

3=0 ^ ^ 
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This proves that there is no non-zero primary vector of weight 25. By Theorem 12.11 again 

■ ■ ■ L(-ni) J:,, J:,, J' G L(l, 0) V^^'^ 

for p2 < 17 and 

L{-n,) ■ ■ ■ L(-ni) G L(l, 0) V^^^ V^^^) L(l, 36) 

for p2 > 17. So we may assume that p2 = 17. Continuing in this way gives the result. □ 
The following is the main result of this section. 

Theorem 5.6. There is a vertex operator algebra isomorphism a from M(l)+ to U such 
that au = uj and (j{J) = J'- 

Proof: Let u^, and a be the same as in Lemma 15.41 Then there exist x^^'^ E 
L(l, 0) 0M(4) and 7^ ai e C such that 

= aiJ_gJ + x^^\ = aiJ'_gJ' + (t(x(^)). 

Moreover, {u,v) = {a{u), a{v)) for u,v G L(1,0) + M^^^ + M^^^\ From the construc- 
tion of M(l)+ [DG], there exists a non-zero primary element of weight 36 in M(l)+ 
such that J-nJ-gJ = + x^^\ where x^^^ G L(l, 0) M^^) M^^^l It is obvious that 
{J-nJ-gJ,J.nJ-gJ) = (u^u^) + Set M(°) = = L(1,0). Let Pi and Qi 

be the projections of and U to M*^*) and V^''\ respectively for i = 0,4,16. Then 
P{u, z)v = PiY{u, z)v and J^{au, z)av = QiY{au, z)av for u G M^'^\ v G M^^^"* are inter- 



twining operators of type ^(4) ^(^g) J and |^ ^(4) ^(^g) J respectively for i = 0, 4, 16 
By Lemma [5.41 for n > — 16, 

J'nJ'-9-J' = f j ] {■Jj-J')-9+n~jJ' + J'-^J'nJ' 

3=0 ^ 



j=0 

= (t(J„J_9J). 

Note that J_gJ G L(1,O)0M(4) © M^^^) f^om the structure of M(l)+ and there exist 
m, n > 3 such that the projections of JmJ-gJ and JnJ-gJ to M^"^) and M^^^'> are nonzero. 
We also know that J'_gJ' G L(l, 0) © l/^^) © V^^^\ It follows that 

J*(o-u, z)av = a{P{u, z)v) (5.5) 

for i = 2, 4 and u G M^'^^ and f G M*^^^). By Theorem 12.11 and (15.51) . there exists a non-zero 
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primary vector of weight 36 in U such that J'_^-jJ'_^J' = + a{x^^^). By (15. 5p again 

( T V V V V T') - ( V V T V V T') 

j=0 \ J J 

j=0 ^ / 

In particular, {v^,v^) = {u^,u^). 

Let M^^^^ be the irreducible L(l, 0)-submodule of generated by and V^^^^ the 
irreducible L(l, 0)-submodule of U generated by v^. Then the L{1, 0)-module isomorphism 
a from M^^) + + M^^^) -^(o) ^ ^.(4) ^ -^(le) extended to the L(l, 0)-module 

isomorphism a from M^o) + + M^^^) + M^^e) to + 1/^^) + V^^^^ + l/^^e) g^ch that 

and for n > —24, 

a^JnJ-nJ-SjJ) = J'nJ-nJ-gJ' ■ 

Similarly, we have for any n G Z, 



Continuing the above process and using Lemma [575| we deduce that as a vector space, 

oo 

[/-0L(l,4m2) 



m=0 



and there is an 0)-module isomorphism a from M(l)+ to U such that 

a{x) = X, a{J) = J', (t( J_8m-i ■ ■ ■ J-nJ-gJ) = J'sm-i • • ■ J'-nJ-gJ' 
for X G 0)and m > 1, and for n G Z 

a{JnJ-8m~l ■ ■ ■ J-I7J-9J) = JnJ-Sm-l ' ' ' ^-17^-9^'- 

Then it follows from Theorem 5.7.1 in |LL] that a is an isomorphism of vertex operator 
algebras. □ 

6 Identification of V with 

In this section, we will prove that V is isomorphic to the rational vertex operator algebra 
where (a, a) = 2/c^ and > 2 is the smallest positive integer such that f/fc2 ^ Vk^. 
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By Theorem 15. 6 [ U is a simple vertex operator subalgebra of V isomorphic to M(l)+. 
Then the restriction of the non-degenerate invariant symmetric bihnear form on to t/ 
is non-degenerate. We identify U with M{1)~^. Then 

^ = M(l)+0(M(l)+)^ (6.1) 

where (M(l)"'")-'- is the orthogonal complement of M(l)+ in V with respect to the bilinear 
form. Clearly, (M (1)"'")-'" is also an M(l)"*"-module. Since V is rational, it follows that 
(M(l)+)^ ^ 0. Then (M(l)+)^ = 0„>^ c™L(l, m^) for some k >2 such that Ck ^ 
and Cm e N. Then (M(l)+)^ = Em>fc(^^(l)^)m- 1^ is obvious that 

L(m)(M(l)+)^. = j;(M(l)+)^. = 0, 4(M(1)+)^. C (M(l)+)^. (6.2) 

for m > 1 and n > A. 

Lemma 6.1. Let W be an M{1)^ -module such that W is a completely reducible L(1,0)- 
module. Let v & W be a non-zero primary element of weight v? (n> 2 is an integer) such 
that J'^v G Cv and J'^v = for m > 4. Then the M {1)^ -submodule NofW generated by 
V is irreducible. 

Proof: Since iV is a completely reducible L(l, 0)-module, it follows from Theorem 12.11 
that 

oo 

iV = 0CpL(l,(n+p)2), 

p=0 

for some Cp G N, p = 0, 1, 2, ■ ■ ■ . Let N be the irreducible quotient of A^. Then (see |DG] 
and pm\ ) 

oo 

iV = 0L(l,(n + p)2) 

as an L(l, 0)-module. So Cp > l,p = 0, 1, 2, ■■■ . Obviously, is linearly spanned by 

L{-ms) ■ ■ ■ L{-mi)v, L{-n,) ■ ■ ■ L{-ni)J'_p^ ■ ■ ■ J'_p^v 

where rUg > rris^i > ■ ■ ■ > rrii > 1, rig > ns_i > ■ ■ ■ > rii > 1, pt > pt-i > ■ ■ ■ > Pi, 
s,t > 0. By Theorem 12.11 and the fact that J^v G Cv, we may assume that pi > 2n — 2 
in (16. 3p . Using a similar proof given in Lemma [5.51 shows that N is, in fact, spanned by 

L(-m,) ■ ■ ■ L{-mi)v, L{-n,) ■ ■ ■ Iv(-ni)4_2(n+i) " " " '^2-2(n+l)^2-2n^ (6-3) 

where > rris^i > ■ ■ -rrii > I, Ug > rig-i > • • ■ ni > 1, i > 0, s > 0. Let A^* denote 
the subspace of spanned by the elements given in (16. 3p for fixed i. Then each A^* is an 
L(l, 0)-submodule of A^ and ^ . Ni = N. 

Let be a highest weight vector of weight (n + 1)^ in A^. Then by (16.31) 
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for some G L{1, n^), ^ a G C. Thus ^ n^) © (n + l)^). Similarly, let 
be a highest weight vector of weight {n + 2)^ in A^. Then 

2 _ 2 , t/ t/ 

V —U + a-'2_2(n+l)-'2-2n'^ 

for some G iV°,0 ^ a G C and iV^ = L{l,n^)®L(l,{n + lf)®L{l,{n+2f). Continuing 
in this way we show that A^* = ©}toL(l, (ra + j)^) for alH > 1. This imphes that N = N 
as L(l, 0)-modules. Consequently, iV = iV is an irreducible M(l)"'"-module. The proof is 
complete. □ 
For convenience, denote (M(l)+)^2 by Bk- Let P'' be the M(l)+-submodule of V 
generated by B^. 

Lemma 6.2. The restriction o/(-,-) to is still non- degenerate. 

Proof: By fl6.ip . the restriction of (■, ■) to B^ is non degenerate. By (16. 2p . B^ is a C[J3]- 
module. Let C C W'^ C ■■■ C = Bk he a chain of C[J3]-modules such that 
W^^'^/W^ is irreducible where = 0. Let be the M(l)+-submodule of V generated 
by W^. Then S** = P'' and S'^^^/S^ is an irreducible M(l) "'"-module by Lemma [6.11 This 
implies that if m G P'^ satisfying L{m)u = J'^u = for all m > 1 and n > 4 and 
L{0)u G Cu, J'^u G Cm then u G Bk- 

Now let R be the radical of the restriction of the bilinear form to P^. Then R is an 
M(l)"'"-submodule of P'^. If i? 7^ 0, then R contains an irreducible M(l)"'"-submodule 
whose intersection with Bk is nonzero. As a result the restriction of the bilinear form to 
Bk is degenerate, a contradiction. This completes the proof. □ 

Using Lemma [6.21 gives the following decomposition 

V = (M(l)+ P') 0(M(1)-^ PY- 
Moreover, (M(1)+0P'=)^ is an M(l)+-module. Then 

(M(l)+0Py = 06„L(l,m2) 

m>ki 

as an 0)-module where ki> k and 6^1 ^ 1- Similar to Lemma [6.2[ the restriction of 
(■, ■) to the M(l)"'"-module generated by (M(l)+ 0P'')^2 is non-degenerate. Continuing 
in this way we deduce the following lemma. 

Lemma 6.3. ^43 an M{1)^ -module, V has the following suhmodule decomposition: 

00 

^ = M(1)+0(0P'=O 

i=0 

where ko = k < ki < k2 < ■ ■ ■ and P^' is the M{1)^ -suhmodule ofV generated by 
Bki = {m G = J'nU = 0, m > 1, n > 4}. 
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We can now prove the following lemma. 



Lemma 6.4. We have dimSfc, = 1 for i = 0, 1, 2, ■ ■ ■ . Furthermore, V is a completely 
reducible M {1)^ -module. 

Proof: By Lemma [GTT] and Lemma [6l3l it is enough to prove that dim5fci = 1, for i > 0. 
We only prove dimBk^ = 1 as the proof for other cases is similar. Suppose dimBk > 2. 
Then there exist G such that {x\x'') = and (x^x^) = 1 for i = 1,2 (see the 

proof of Lemma 5.2 of [DJ2] ). and 

= {Ak* - e)x\ (6.4) 

Denote by M* the irreducible L(l, 0)-submodule of V generated by respectively, i = 1,2. 
Then ^ ^ L(l, P). We first prove 

Claim: ■ = L(l,4fc2) is an irreducible L(l, 0)-module. 

Let A^^ be the M(l)+-submodule of V generated by x^. Since {x^,x^) = we see that 
M(l)+ n {N^ ■ N^) = 0. By Lemma EJl 

oo 

2=0 

and P^' n (A^^ ■ A^^) is either zero or a direct sum of indecomposable M(l)"'"-modules with 
lowest weight kf . Then by Theorem 12.21 

n (A^^ ■ A^^) = 0, or = Ak'^. (6.5) 

This implies that ■ C ■ C P^^. Using the fusion rules from Theorem 12.11 
then forces ■ = L{l,4k'^). So the claim holds. 

The rest proof of the lemma is quite similar to that of Lemma 5.2 in |DJ2] . We omit 
it. □ 

We are now in a position to prove the main result of this paper. 

Theorem 6.5. Let V and k be as above. Then V is isomorphic to the rational vertex 
operator algebra , where L = Za is the rank one positive definite even lattice such that 
(a, a) = 2/c^. 

Proof: By Lemma [6.41 dimP^ = 1, so there exists a non-zero element G such 
that 

= (4fc^ - fc2)pi, J'^F^ = 0, L{n)F^ = 0, m > 4, n > 1, 

and 

{F\F') = 2. 

Let Vl be the vertex operator algebra associated to the positive even lattice L = Za such 
that {a, a) = 2k. Let be the vertex operator subalgebra of V generated by F^, J' ,uj. 
We first prove that V° = . 
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For m G Z+, set 
Then 

{E"',E"') = 2. 

Denote by A^"* the M(l)+-submodule of generated by Then (see [DNl] ) 

iV'" = span{unE"'\u G M(l) + ,n G Z} 

and 

for m, n G Z+,m > n where = M(l)+. 

Let be the M(l)"'"-submodule of V generated by F^. Then by Lemma is 
irreducible. So as M(l) "'"-modules, A^^ = W^. Let a be the M(l) "'"-module isomorphism 
from A^-"^ to such that 

a{E^) = F\ (6.6) 
By Theorem 12.21 Lemma [6.41 and the fact that {E^,E^) = {F^,F^), we have 

F^F' = ElE^ G M(l)+, 

for n > -2A;2. Note that 

(^i2fc2-l^^^-2fe2_l^^^) = {E^ , El,.2^lE\i.2^lE^) 
4fc2-l / .,2 1 \ 

This implies that 

(-Ei2fe2_i-E\ Ei2fc2_i-E^) = (-^_!2fe2_l-^\-^-^2fc2_l-^^)- 

Assume that Ei2fc2_i^^ = cti^^ + n\ where 7^ ai G C, G M(l) + . Then 
-^j';2A;2-i-^^ ~ ""^ is either zero or a non-zero primary vector of weight 4fc^. Since 

(^'2fc2-ii^' - u\ F\,2_,F^ - u') = {a,E\ a,E^), 

it follows that F\^.2_iF^ - ^ 0. Let W'^ be the M(l)"'"-submodule of V generated 
by F^^f^2_iF^ — u^. Then the isomorphism a can be extended to the isomorphism from 
N'^ to such that 

a{E^) = F\ a{E^) = F\ 
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where 



So for any n G Z, 

Following the proof of Lemma 5.7 of |DJ2j and continuing in this way we deduce that 
= . The rest of the proof is the same as that of Theorem 5.8 of |DJ2] . □ 



7 Appendix 

Let X*, i = 1, 2, ■ ■ ■ , s be the same as in Lemma [4.51 Then we have 
Lemma 7.1. 

r=l 1=1 

for some a,b E C 

Proof: By the Jacobi identity, we have 

{XIX^X'' 



Since 



--[Xixi - XiXl - AXlXi + AXiX{ + QX^Xi 
- QX{Xi - AX\Xi + AXiXl - XiXi^X^. 
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we have 

XlXiX' = X^(^5,,X(°) + = ^WX^'^ + ^^]kX^'^ + E <^%<X\ 

p=i p,<;=i 
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p=i p,q=i 
Recall Lemma [2.51 and Theorem 12 .![ For p, g G {1, 2, ■ ■ ■ , s}, 

1 



X^.X'^ = 6,,u,,, + Y,a;^-L{-l)X 



s 



2' 

r=l 



'75 ' ' 300' 



^ 14 14 1 



r=l 



where Wp^g, fp^g, Wp^^ G 0). Note that for 1 < p < s, 

XIL{-1) = L{-1)X! + AXl Xm - 2) = L{-2)Xl + 8Xf , 

XfL(-l)2 = (L(-l)Xf + 5Xf)L(-l) = L{~lfXl + 10L(-1)X^ + 20X. 
Xf L(-3) = L(-3)X6^ + 12Xf , XIL{-1) = L{-l)Xl + 6Xf , 



p 

3; 



XfL(-2)L(-l) = (L(-2)Xe^ + 9Xf)L(-l) 



= L(-2)L(-1)X^ + 6L(-2)Xf + 9L(-l)Xf + 36Xf 
XlL{-lf = L{-lfXl + 18L(-l)2xf + 90L(-1)X|' + 120Xf. 



Then we have 



yi vj vk 

s 

p=l 



Y.'^^klxiLi-m^ 

p=i 

5,,X>,,, + \a),L{-l)XlX^ + ^a;.,X(o) + 2 ^ a^.a^pX", 



p,(j=i 



V* 



=5.,Xin,, + U,L{-l)XiX^ + :^al,X(°) + 2 «f.alp^'' 
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p,5=i 
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xix\x^ 



p=i 

^S^kXiv,,, + al'^{L{-2)Xi + 8Xi)X^ 
p=i 

+ ^ E <;t(^(-l)'^5 + 10L(-l)Xi + 20Xi)X^ 
p=i 

28 23 
'SikXiv,,, + -oiL(-2)X|Xi + _a|,L(-l)2x|X' 

p,g=l 



vj yi yk 

p=i 

s . 

^5,,Xiw,,u + J2al-{L{-3)Xi + 12X|)X^ 
1/1 

+ ^ E <.(^(-2)^(-l)^^' + 6L_2X^- + 9L{-l)Xi + 36X|)X^ 



- ^ E <kiL{-^fXi + m-lfXi + 90L{-l)Xi + 120Xi)X^ 

p=i 

28 3 
=*«X>i,» + -ai,L(-2)XlX' - -4,L(-ifXiX' 

Note that 

X2XIX'' , XIX^X'' , Xl5jkUj^k ^ 
X2XIX'' , Xl5ikUi^k, X^dikVi^k: X^SikWi^k G C(5ifeX-'). 
Then it is easy to check that the lemma holds. □ 
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